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This paper investigates the impact of navigation errors on the navigation and control aspects of formation flying

spacecraft. The use of carrier-phase differential Global Positioning System measurements in relative navigation

filters is analyzed,with a particular focus on the semimajor axis error. Semimajor axis error is shown to be the sumof

two positive quantities that are related to the satisfaction of the balance and correlation requirements. Previous

publications have suggested that a “good” navigation filter would yield estimates of the along-track velocity and

radial position that are strongly correlated. However, practical experience with filters based on the carrier-phase

differential Global Positioning System measurements has shown that this seldom occurs, even when the estimation

accuracies are very good. Analytical methods and numerical simulations are used to show that the optimal

semimajor axis estimate from a Kalman filter does not satisfy these requirements for any combination of

measurement and process noise. Numerical examples with a fully nonlinear extended Kalman filter appear to bear

out these conclusions. The combination of these simulations and analysis provides new insights on the crucial role of

the process noise in determining semimajor axis knowledge.

I. Introduction

I N any space mission, accurate orbit predictions are often at least
as important as accurate solutions at epoch. Accurate predictions

are required for such purposes as acquisition, pointing, conjunction
analysis, and maneuver planning. For problems such as rendezvous,
formation flying, constellations, and debris avoidance, accurate
predictions of the relative orbital motion may be even more
significant. Because linearized two-body motion, which is unstable
along the orbit track, is the dominant dynamic mode, the most
significantmeans to achieve accurate prediction is to control absolute
and/or relative along-track error growth. Minimizing along-track
error growth for a Keplerian system (i.e., no atmospheric
disturbances or Earth oblateness effects) requires accurate absolute
and/or relative knowledge of the orbital energy [equivalently, period,
semimajor axis (SMA), or mean motion], as well as accurate
knowledge of the ratio of the radial and along-track components of
orbital speed (equivalently, flight-path angle). These requirements
constrain the ratios and, hence, correlations between errors in along-

track position and radial velocity, as well as between errors in radial
position and along-track velocity.

These relationships were recognized and documented for near-
circular orbits at least as far back as the time of Apollo 8 [1] and were
specified in terms of the components of the navigation error
covariance matrix at least as early as 1987 [2]; the cited works,
though publicly available, were not widely known, although the
relationships themselves appear to have been widely known as
industry folklore. Some of the first documented successful Global
Positioning System (GPS) spaceflight experiments were found to not
fully satisfy these constraints [3], and subsequent analysis of precise
relative GPS navigation in the context of formation flying has
demonstrated that increasing the GPS accuracy leads to similar
conclusions [4,5]. This work presents simple analytical experiments
to demonstrate that the Kalman filter does not satisfy the previously
mentioned relationships, which are referred to here as the correlation
and balance properties. In particular, it is shown that no combination
of measurement noise and process noise in a simplified Kalman filter
can achieve solutions that have previously been understood to
generate accurate orbit predictions. Numerical examples with a fully
nonlinear extended Kalman filter (EKF) appear to bear out these
conclusions. This conclusion is reminiscent of experiences that the
author of [6] claimed as his motivation for deriving a nonwhite
process noise model based on gravity errors for sequential orbit
determination. Reference [7] makes similar conclusions concerning
physically connected bias models for drag. One contribution of the
present work is to present a solid foundation for such empirical
observations.

II. Background

In formationflyingmissions, accurate knowledge of the difference
in semimajor axes or, equivalently, the difference in orbital energy
between the vehicles in a formation is important [3–5,8]. A
difference in semimajor axes means that the two vehicles have
different orbital periods and thus they will drift out of formation
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unless regular control effort is applied [9]. The output of a carrier-
phase differential GPS (CDGPS) Kalman filter includes the relative
formation state in a local vertical local horizontal (LVLH) reference
frame,where the radial, in-track, and cross-track directions define the
x, y, and z axes. Understanding the relationship between position and
velocity accuracies and semimajor axis accuracy is key to evaluating
the output of this type of filter.

Although [4] develops the navigation error analysis from absolute
state relations, the results can be reformulated for the relative case.
The relative navigation error equations, shown next, relate
semimajor axis error to position and velocity errors. Note that this
discussion is limited to circular reference orbits. The semimajor axis
a of vehicle i is

1

ai

� 2

ri
� v2i

�
(1)

where r and v are the radius and speed in the Earth-centered inertial
(ECI) reference frame, and � is the gravitational constant of the
Earth. Equation (1) is used to find the difference in semimajor axes of
vehicles i and j:

�aij � 2�rj � ri� � �2=n��vj � vi� (2)

where one vehicle is assumed to be in a near-circular orbit and the
other within close proximity.

The approximate change in the semimajor axis is caused by a
difference in the two radii and the two velocity magnitudes. To first
order, the difference in the magnitude of two close vectors is caused
by the difference in length along the vector. Consequently, for the
relative position vectors, this magnitude difference is primarily due
to the difference in radii, and for the relative velocities, the difference
in along-track velocities. The relative dynamics in the LVLH
reference frame are described by the Hill–Clohessy–Wiltshire
(HCW) equations [10]:

�x � 2n _y � 3n2x� fx �y� 2n _x� fy �z� n2z� fz (3)

The force-free solution to the HCW equations is

x�t� � _x0
n
sin nt �

�
2_y0
n

� 3x0

�
cos nt�

�
2 _y0
n

� 4x0

�

y�t� � 2_x0
n

cos nt�
�
4_y0
n

� 6x0

�
sin nt�

�
y0 �

2_x0
n

�

� �3_y0 � 6nx0�t

z�t� � z0 cos nt�
_z0
n
sin nt

(4)

Compensating for the Coriolis effect of differentiating in the rotating
HCW reference frame, the difference in semimajor axes (the ij
subscript is subsequently omitted) can be approximately written in
terms of the relative radial position x and the in-track velocity _y, as

�a� 2�2x� � _y=n�� (5)

This expression for the differential semimajor axis applies
throughout the orbit, but using Eq. (4), it can be rewritten as

�a���3_y� 6nx���2=3n� � ��3_y0 � 6nx0���2=3n� (6)

which shows that it is directly related to the secular drift term in the
in-track solution to the HCW equations in Eq. (4). Clearly, if the
difference in semimajor axes is zero, then there will be no secular
drift between the spacecraft. This is the linearized form of the more
general energy-matching condition, which is that spacecraft with
equivalent semimajor axes will not drift apart. The standard
deviation of the approximate differential semimajor axis estimate,
��a, is given by [4]

��a � 2
������������������������������������������������������������������
4�2

x � �4=n��x _y�x� _y � �1=n2��2
_y

q
(7)

The parameters �x, � _y, and �x _y are derived from the error covariance
matrix for the relative LVLH state estimate:

x̂� � x _x y _y �T

with estimation error ~x� x̂ � x, which is assumed to be unbiased,
E� ~x� � 0, and have a covariance

E� ~x ~xT � �
�2
x �x _x�x� _x �xy�x�y �x _y�x� _y

� _xx� _x�x �2
_x � _xy� _x�y � _x _y� _x� _y

�yx�y�x �y _x�y� _x �2
y �y _y�y� _y

� _yx� _y�x � _y _x� _y� _x � _yy� _y�y �2
_y

2
664

3
775 (8)

Defining the balance index as

bal�
����1� 2n�x

� _y

���� (9)

then the semimajor axis standard deviation in Eq. (7) can be rewritten
as

��a � 2

������������������������������������������������������������������
bal 	 � _y

n

�
2

� 4�x� _y

n
�1� �x _y�

s
(10)

This relationship makes it clear that the two conditions for zero
semimajor axis standard deviation are: 1) correlation requirement
�x _y ��1, that is, the radial position and in-track velocity are linearly
correlated and 2) balance requirementbal� 0 or, equivalently, that
� _y � 2n�x.

Reference [4] proposed a method for representing the relationship
between �x, � _y, �x _y, and ��a that is illustrated in Fig. 1. The x and y
axes of the plot are the standard deviations of the position and
velocity estimation errors. Contours of constant semimajor axis
standard deviation are shown on the figure. Each contour is
associated with a value of �x _y in addition to a level of ��a; several
values of �x _y are shown for each level of ��a. The diagonal of peaks
indicates where � _y � 2n�x. Along the diagonal of peaks, the lines of
constant semimajor axis experience a “bump” that increases in size as
the correlation tends toward �1. This bump corresponds to
increasing cancellation between the error in x and _y that results from
increasing correlation in these errors. Essentially, if the errors have
high correlation and the proper balance, the higher error levels can be
tolerated while maintaining low levels of semimajor axis error. Each
point on the graph corresponds to a unique set of �x and � _y. However,
many points on the graph are intersected bymore than one contour of
constant semimajor axis. The correlation determines the specific
contour on which the system lies.

Remark 1: Figure 2 shows contours for a particular semimajor axis
standard deviation error (��a � 1 m) for varying values of
correlation. The plot also shows lines of constant balance index.
Clearly, bal should be zero when the balance requirement is met.
The plot shows that if the balance is off, that is, bal� 0:5 or
bal� j � 1j, then the effects of the correlation are reduced. This
reinforces the observation that for systems governed by the HCW
equations, both the correlation and balance requirements must be
satisfied to obtain a significant reduction in the semimajor axis
error. □

III. Detailed Filter Analysis

This section presents analytical relationships for a Kalman filter
between the process and measurement noise levels and the SMA
balance and correlation requirements. The link between the two is
established using the algebraic Riccati equation. If they exist,
analytic solutions to the Riccati equation provide insights into the
effect of the parameters in the estimation problem, but these are
typically very difficult to obtain for high-order systems. However,
for a Kalman filter with a measurement update every �t� 1 s for a
90-min orbit [11,12], the coupling between motion in the x and y
directions is very weak and the dynamics can be well approximated
as two weakly coupled double integrators. This section uses this

302 HOW ET AL.



approximation to perform a detailed analysis of the solution of a
continuous Kalman filter, first for a system with position
measurements and then for a system with position and velocity
measurements. The following sections extend the numerical analysis
to the more complicated case with a discrete Kalman filter.

Starting with the continuous Kalman filter using the in-plane
components of Eq. (3)

�x � 2n _y � 3n2x� fx (11)

�y� 2n _x� fy (12)

where fx and fy are disturbance accelerations with identical spectral
densities �2

Q. These equations of motion can be written in state space

form usingX � �x; _x; y; _y�T and dynamicsmatricesAh andBh.When
only position measurements are available, the output matrix is

Hh � 1 0 0 0

0 0 1 0

� �
(13)
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Fig. 1 Contours of constant semimajor axis vs position and velocity accuracy. Contours given for three levels of correlation.
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with sensing noise given by �2
R on each measurement. These

dynamics can be transformed to a new system of equations with the

state �X � �x; x0; y; y0�T , where �
�0 � � _
��t, �X � TpX, and

Tp � diag�� 1 �t 1 �t ��

to yield

x00 � 2�y0 � 3�2x� ��t�2fx (14)

y00 � �2�x0 � ��t�2fy (15)

with �� n�t. Note that when � � 1, which is true for the cases of
interest in this section, the x and y orbital dynamics can essentially be
written as double integrators for which the solution of the Riccati
equation is easily found. The combined dynamics then consist of
these two double integrators with coupling terms of order � and �2.

Remark 2: A Kalman filter, by definition, gives the minimum
variance estimates of the relative states [13], which can then be used
to produce the approximate minimum variance estimate of the
semimajor axis difference. This follows because the relative
semimajor axis is approximately a linear combination of radial
position and in-track velocity, as shown in Eq. (5). The state vector
could be transformed into a state that explicitly includes the
semimajor axis:

x t �
�a
_x
y
_y

2
64

3
75�

4 0 0 2=n
0 1 0 0

0 0 1 0

0 0 0 1

2
664

3
775

x
_x
y
_y

2
64

3
75 � Tx

where T is the invertible transformation matrix between the nominal
state and the transformed state. The Kalman filter objective function
is related to the magnitude of the estimation error, which can be
transformed as follows:

~x T
t ~xt � �x̂t � xt�T�x̂t � xt� � �x̂ � x�TTTT�x̂ � x� � ~xTS ~x

(16)

whereS� TTT 
 0. From [13], the optimal estimate for the statex is
found by minimizing the cost function:

J � E� ~xTM ~x�
whereM is any positive semidefinite matrix. The key point is that the
optimal estimate is independent of the choice ofM 
 0 [13]. Because
we can choose M� I, or M� S, as in Eq. (16), then the optimal
estimate for xt will be related to the optimal estimate for xn by the
linear transformation T. Thus, a Kalman filter estimating relative
position and velocity necessarily will also yield the minimum
variance estimate of the approximate relative semimajor axis, to
within the error associatedwith the linearization. □

A. Correlation with Position Measurements

The dynamics in Eqs. (14) and (15) are written in state space form
as

�X 0 � �A �X� �Bf (17)

where �A��t�TPAhT
�1
P �, �B��t�TpBh�, and �H �Hh. The

differential filter Riccati equation for the original system [Eqs. (11)
and (12)] must also be transformed using Tp, and the result is that, at
steady state

0 � �AP� P �AT � �BQ �BT � P �HTR�1 �HP (18)

whereQ� ��2
Q=�t�I2 andR� ��2

R=�t�I2, with the factors of 1=�t
resulting from the transformation. To proceed, the covariance for the
transformed state is represented as a Taylor expansion in �.
Substituting

P� P0 � �P1 � �2P2 � . . . (19)

�A� A0 � �A1 � �2A2 . . . (20)

in the Riccati equation and grouping terms in the same power of �, it
is possible to solve for the expansion of the covariance matrix (Pkxx

,

Pky0y0 , and Pkxy0 , k� 0; 1; . . .). The �A matrix in Eq. (17) gives the

expansion matrices A0 and A1:

A0 � A00 02
02 A00

� �
A1 � 02 A11

�A11 02

� �
(21)

A00 � 0 1

0 0

� �
A11 � 0 0

0 2

� �
(22)

Define the vectors

x � � x x0 �T

and

y � � y y0 �T

Then P0xy � 0 for the solution of the two independent double
integrators. Using

A� 0 1

0 0

� �
B� 0

�t2

� �
H � � 1 0 � (23)

the first-order solution to the Riccati equation is

P0xx � P0yy � P011
P012

P021
P022

� �
�

���
2

p
�

1
2

Q�
3
2

R �Q�R�t

�Q�R�t
���
2

p
�

3
2

Q�
1
2

R�t2

" #

(24)

Substituting into the Riccati equation and isolatingO��� terms yields

P0A
T
1 � P1A

T
0 � A0P1 � A1P0 � P0DP1 � P1DP0 (25)

P1�AT
0 �DP0� � �A0 � P0D�P1 ���P0A

T
1 � A1P0� (26)

where

D� C 02
02 C

� �
C��t

�2
R

1 0

0 0

� �
(27)

Using the knowledge that P0xx � P0yy ,�
AT
0 �DP0

�
� E 02

02 E

� �
(28)

where

E� � �tP0xx

�2
R

� �tP0xx0
�2
R

1 0

" #
(29)

and

�A0 � P0D� � ET 02
02 ET

� �
(30)

Defining G as

G� A11P0xx
� P0xx

AT
11 � 02 �2P0xx0

2P0xx0 02

� �
(31)

�
P0A

T
1 � A1P0

�
� 02 G

�G 02

� �
(32)
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Substituting into the Riccati equation yields

P1xx
P1xy

P1Txy
P1yy

� �
E 02
02 E

� �
� ET 02

02 ET

� �
P1xx

P1xy

P1Txy
P1yy

� �

�� 02 G
�G 02

� �
(33)

which is a system of three matrix equations

P1xx
E� ETP1xx

� 04 (34)

P1yy
E� ETP1yy

� 04 (35)

P1xy
E� ETP1xy

��G (36)

The solution to Eqs. (34) and (35) is P1xx � P1yy � 0, and Eq. (36)
gives

P1xy0 � � 2�2
RP0xx0

�tP0xx

P1x0y ��P1xy0 P1x0y0 � P1xy
� 0 (37)

Then the correlation coefficient can be found from

�x _y �
Px _y���������������
PxxP _y _y

p � Pxy0=�t��������������������������
PxxPy0y0=�t2

q � �P1xy0��������������������
P0xxP0y0y0

p (38)

Using the expressions previously given, it follows that

�x _y �� 2�n�t��2
R��Q�R�t����

2
p

�t�1=2
Q �3=2

R

� ���
2

p
�1=2
Q �3=2

R

���
2

p
�3=2
Q �1=2

R �t2
��1=2

��
���
2

p
n�3��3=2�

R �1��1=2�
Q �t���������������������

2�2
Q�

2
R�t2

q (39)

��n
������
�R
�Q

r
(40)

which, upon substitution in Eq. (7), gives a semimajor axis error of

��a � �25=4=n��3=4
Q �1=4

R (41)

Finally, applying the state transformation Tp to P0yy in Eq. (24), it
follows that, because

� _y �
�
21=2�3=2

Q �1=2
R

�
1=2

then the semimajor axis error can be rewritten as

��a � �2=n�� _y (42)

Note that in Eq. (42) the resulting semimajor axis variance is only a
function of the in-track velocity variance, even though the semimajor
axis error is a function of the radial position and in-track velocity
errors. This occurs because the radial position variance and
correlation terms are equal and of opposite sign, and so they cancel
each other.

Equations (40) and (42) are the predictions of the correlation and
semimajor axis variances from a perturbation analysis of a
continuous Kalman filter that has two decoupled double integrators
as thefirst approximation. Therefore, some discussion of the effect of
these approximations on the validity range of the answers is in order.
However, as will be seen, these equations agree well with the
simulation results shown in later sections. The small parameter in the
perturbation analysis is �� n�t, therefore, as � ! O�1�, they will
no longer be valid. For low Earth orbits n� 0:001, consequently,
when �t > 100 s, the approximation should be expected to start

degrading and when �t� 1000 s it would not be expected to be
valid. In addition, by definition j�x _yj � 1, which gives that

�Q=�R 
 n2 (43)

Because n� 0:001, this implies that �R should be no more than six
orders of magnitude larger than �Q. For example, consider that many
space-rated GPS receivers produce differential carrier-phase
measurements with millimeters of error. Equation (43) indicates
that to achieve �x _y ��1, the dynamics environment of the vehicle
would have to be modeled to nanometer-level accuracy, which is
currently not possible. For a typical scenario [11], �Q � 1 �
10�6 m=s3=2 and �R � 5 � 10�3 m=s1=2, which gives that

j�x _yj � 1 � 10�3
������������������
5 � 10�3

1 � 10�6

r
� 0:0707 � 1

which is consistent with the low levels of correlation found in current
CDGPS results.

B. Examination of Balance Requirement

One strategy for minimizing the semimajor axis error is to achieve
a high correlation and to simultaneously have a balance of errors
given by

� _y=�x � 2n (44)

For the transformed state described by Eqs. (14) and (15), this
requirement is

�y0=�x � 2n�t (45)

Equation (24) showed that for the HCW equations, to first order, the
standard deviations for in-track velocity and radial position estimates
are

�y0 �
����������
P0y0y0

q
�

� ���
2

p
�3=2
Q �1=2

R �t2
�
1=2

(46)

�x �
��������
Pxx

p
� ���������

P0xx

p �
� ���

2
p

�1=2
Q �3=2

R

�
1=2

(47)

Substituting into Eq. (44) gives the analytic expression for the
balance condition

�y0=�x �
�����������������������������������
2

p
�3=2
Q �1=2

R �t2���
2

p
�1=2
Q �3=2

R

vuut ��t

������
�Q
�R

r
(48)

Using Eq. (44), perfect balance requires that

�t
��������������
�Q=�R

q
� 2n�t )

��������������
�R=�Q

q
� 1=2n (49)

This expression can be substituted into Eq. (40) tofind the correlation
that is achieved when the balance is correct

�x _y ��n
��������������
�R=�Q

q
��n

�
1=2n

�
��0:5 (50)

This analysis shows that, for theKalmanfilter, achieving the required
balance is incompatible with achieving a correlation of �1.

C. Correlation with Position and Velocity Measurements

In this example, the system is augmented with a velocity sensor to
investigate if direct velocitymeasurements can be used to achieve the
correlation and balance requirements. The sensor noise and
measurement matrices for the transformed double integrator
dynamics now take the form

R� 1

�t

�2
rx 0

0 �2
r _x

� �
H � 1 0

0 �t�1

� �
(51)
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and the process noise term remains Q� ��2
Q=�t�I2. Substituting

into the Riccati equation and solving for the terms in the first-order
covariance matrix yields

P011
�

���
2

p
�3=2
rx �1=2

Q

��1� 0:5K�1=2
�1� K�

�

P022
�

���
2

p
�1=2
rx �3=2

Q �t2
��1� 0:5K�1=2

�1� K�
�

P012
� �rx�Q�t

�1� K�
(52)

where K � �Q�rx=�
2
r _x. Substituting Eq. (52) into the HCW

expansion in Eq. (26) yields a matrix equation in the same form as
Eq. (33), however, the matrix D is now redefined as

D� �C 02
02 �C

� �
�C� �t=�2

rx 0

0 1=��2
r _x�t�

� �
(53)

This set of matrix equations also indicates thatP1xx
� P1yy

� 02. The

remaining solution is of the form

P1xy
� P1x0y0 � 02 (54)

P1xy0 � �P1x0y ��2 �
2
rxP0xx0

�tP0xx

�
1

1� K

�
(55)

Solving for the correlation coefficient �x _y gives

�x _y �
�P1xy0

�P0xx
P0y0y0 �

1
2

��n
�������
�rx
�Q

r �
1

1� 0:5K

�
(56)

From Eq. (56), it can be seen that as the velocity measurement
becomes more accurate (K increases), the correlation magnitude is
reduced. This is consistent with the observation that the filter makes
more use of dynamics when there are fewer measurements.
Substituting this value for �x _y into the expression for semimajor axis
standard deviation yields

��a �
25=4

n
�1=4
rx �3=4

Q

�
�Q�rx � 4�2

rxn
2 � 2�2

r _x

�Q�rx � �2
rxn

2 � 2�2
r _x

�
1=2

�
��1� 0:5K�1=4

�1� K�1=2
��

1� 0:5

�
n�rx
�r _x

�
2 1

1� 0:5K

�
1=2

(57)

where the new semimajor axis standard deviation is no longer solely
a function of the velocity accuracy. Equation (57) predicts that SMA
knowledge can be improved by reductions in process noise and
improvements in position and velocity sensing accuracy.

IV. Analysis on a Linear Planar Model

A Kalman filter produces the minimum variance estimate of the
approximate relative semimajor axis, but does not necessarily meet
the balance and correlation requirements. Numerical simulations in
this section show the filter cannot be forced to meet both the balance
and correlation requirements by adjusting the input parameters,
supporting the analytical conclusions of the previous section. There
are many parameters that must be specified for a Kalman filter and all
of these affect the accuracy of the estimates. The dynamics and
measurement models, the operating environment, and the extent to
which nonlinearities are accentuatedmay all affect the processQ and
sensorR noise intensities. The set of sensor datamade available to the
filter will determine the measurement matrix H. Also, the time step
can affect the performance of the discrete filter. The relationship
between design parameters and navigation accuracy is investigated
and this should lead to a better understanding of what changes might
be required to improve navigation.

A CDGPS navigation filter has nonlinearities in both the system
dynamics and the measurement equations, and because the set of
visible GPS satellites changes, the measurement matrix H and the
geometric dilution of precision (GDOP) will change, and the state

vector length will grow or shrink as the set of estimated carrier biases
changes [12]. These factors make it difficult to understand direct
relationships between the filter parameters and the navigational
accuracies. Thus, the following starts with a simplified linear planar
model (LPM) to develop insights into the behavior of a relative
navigation filter using CDGPS. Table 1 summarizes the Kalman
filter parameters considered in the LPM simulations.

The system dynamics in the LPM are taken from the solutions of
theHCWequations for radial and in-track position and velocity. Out-
of-plane motion is ignored, because it does not affect semimajor axis
error. The dynamics model is not varied in the simulations, but its
effective accuracy is modified by evaluating filter performance with
different values of Q. Most state-of-the-art GPS receivers can
provide as many as 12 pseudorange measurements. Similarly, the
LPM includes two or more direct measures of position that span the
orbital plane. Variations of the measurement model included
changing the angle between two position measurements and
increasing the number of measurements included. Also, the level of
noise associated with the measurements is varied. Different discrete
time steps �t are considered in these simulations. Note that as the
time step changes, the relative importance of the dynamicsmodel and
the measurements will change. For example, if highly accurate
measurements are provided at a very fast rate, the dynamics model
might be of little importance. Conversely, once the estimate has
converged, a perfect propagator might not need any future
measurements. Changing the time step should illuminate how the
filter might favor one of these extremes.

The simplified LPM problem will show how each parameter
affects the radial position error and in-track velocity error, the
correlation of the two, and, ultimately, the semimajor axis error. For
each design variation, the position and velocity variances are found
by numerically solving a discrete algebraic Riccati equation. The
position and velocity error variances fromEq. (18) are used in Eq. (7)
to compute the corresponding semimajor axis error.

A. Two LPM Examples for Correlation Demonstrations

Because themeasurements span the orbital plane, it is intuitive that
the correlation between radial position and in-track velocity will
increase only when the estimate depends more on the dynamics
model embedded in the filter. The following examples (see results in
Figs 3–6) induce this behavior:

1) The angle between the twomeasurements is increased from 0 to
90 deg, as in Fig. 3. This causes the direct observability of the orbital
plane to decrease as the two measurements become aligned and
results in the term HTR�1H in the Kalman filter losing full rank.
Because the measurements no longer span the full orbital plane, the
dynamics model must be employed to create estimates of all x and y
states.

2) The number of measurements is reduced from six to one,
causing changes in the direct observability.

The results from these examples are discussed next.
Example 1: This example provides an excellent view of how the

span of the measurement matrix affects the correlation and
semimajor axis error. The two position measurements have equal
accuracy and are initially aligned with the x and y axes. The angle
between the two measurements is gradually decreased until the

Table 1 Kalman filter elements for LPM simulations

Description Notation Simulation

Dynamics model A Planar HCW equations,
constant in simulations

Measurements model H Direct measures of position; GDOP
varied by changing number

and direction of measurements
Discrete time step �t Varied
Process noise Q Varied, to highlight effects

of mismodeled dynamics
Measurement noise R Varied, to change quality

of measurements
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measurement directions are nearly colinear at a 45-deg angle in the
x–y plane. Figure 5 shows that the correlation between the two
remains low until the angular separation is less than�20 deg. When
the angular separation becomes smaller than a degree, the correlation
drops sharply from �0:7 toward �1. Clearly, as the measurements
approach alignment, the uniqueness of the information that each
contributes decreases, and the results show that the correlation
rapidly approaches �1 as the system dynamics become more
important. However, when the measurements no longer span the
orbital plane, the results also show that the position and velocity
errors increase dramatically. Because the balance requirement is not
met exactly, the increased errors in position and velocity outweigh
the advantage of the increased correlation, and the final semimajor
axis error is large. In the example shown, the two measurement
directions converged on 45 deg, but similar results were seen for
other terminal angles.

Example 2: This example, seen in Fig. 4, looks at the effect of
changing the number of measurements, which are equally spaced in
the orbital plane.When a secondmeasurement is added, the values of
�x and � _y drop sharply (see Fig. 6), �x _y changes from close to �1 to
approximately �0:5, and the balance index increases. The state
estimates are further from meeting the correlation and balance
requirements, but the semimajor axis knowledge improves. In cases
where correlation and balance conditions cannot be met
simultaneously, the goal for achieving low semimajor axis error
can still be achieved by minimizing estimation errors. The results of
this example also show that, as further measurements are added, the
position, velocity, and semimajor axis errors all improve, although
the correlation decreases. This is consistent with behavior seen in the
first example.

Remark 3: In these examples, the filter can be forced to rely on its
dynamicsmodel to extract good state information in the radial and in-
track directions. This increased reliance is accomplished by
degrading the available sensing information. The increases in �x and
� _y that accompany the higher correlation consistently result in a
larger semimajor axis error. This is a trait of a filter that is
measurement-dependent, not a symptom of deficiency. When the
correlation between radial position and in-track velocity is low, the
best strategy for determining relative semimajor axis is to estimate
both quantities with the highest possible accuracy, and the Kalman
filter does exactly that. The behavior seen in both variations of this
simplified example provide insight into the relative navigation
system using CDGPS measurements. A GPS-based navigation filter
will typically have many position-related measurements available
(9–12). The estimator can be forced to have better correlations by
degrading the measurements and boosting the importance of the
dynamics model. However, these examples show that this would
result in increased semimajor axis error and is a suboptimal
strategy. □

B. LPM Simulations with Q and R

This section investigates the relationship between the Kalman
filter parameters and the resulting estimate accuracy. The levels of
measurement and process noise are indicators of how well the
sensors and the dynamics are modeled, and their relative values
determine how the filter weighs new measurement information
against the current state estimate propagated using the dynamics.
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Fig. 3 LPM Example 1: filter performance as two measurements are

brought into alignment.
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Fig. 4 LPM Example 2: filter performance as the number of
measurements is varied.
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Meeting the balance and correlation requirements discussed in
Sec. I corresponds to being on the bump in Fig. 1. The LPM results
shown here occupy the region above the � _y � 2n�x line, which
occurs because the balance requirement is not met and is dominated
by the velocity errors for this position-measurement-based CDGPS
system. This leads to the question of how changing filter inputs will
move the output closer to or further from the bump. To answer this
question, the LPM simulation was run for a range of measurement
and process noise levels. For each unique assignment ofQ andR, the
resulting error variances for radial position and in-track velocity, �x
and � _y, were recorded. The corresponding semimajor axis error ��a

was calculated using Eq. (7). Fig. 7 shows lines of constantQ and R
on axes of �x and � _y, whereQ� diag�02; �2

qcI2�,R� �2
r I2, �qc is the

continuous process noise covariance, and �r is the discrete
measurement covariance. The diagonal of peaks on this graph

indicates the location of the bump, where the balance and correlation
requirements are met (which means � _y � 2n�x). By moving from
one line of constantQ orR to another, one can see howdecreasing the
process or measurement noise would change the resulting position
and velocity error.

Several graphs are presented to demonstrate the relationship
between Q, R, and ��a. First, Fig. 8 reproduces Fig. 7 and lines of
constant semimajor axis error are added. The lines for constantQ and
R are dimmed for clarity. Note the lines of constant semimajor axis
are horizontal, which corresponds with the horizontal sections of the
semimajor axis contours on Fig. 1. The effect of changes inQ and R
on ��a can be assessed by looking at the constant lines for all three
values. Because the lines of constant semimajor axis are horizontal,
improvement in ��a can only be accomplished by moving in the
vertical direction on the graph, which is equivalent to decreasing � _y.
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Fig. 6 LPM Example 2: filter performance vs number of measurements.
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Whether this requires decreasing Q or R depends on the angles
between the horizontal lines of constant ��a and the contours of
constant Q and R.

Two regions are indicated in Fig. 9. Region 1 (upper left hand
portion of the graph) contains lines of constant Q and R that are
essentially horizontal and vertical, respectively. Improving the
measurement noise in this region (or, essentially, moving
horizontally in the graph) has minimal effect on semimajor axis
knowledge. Decreasing ��a would require improving the process
noise to enable vertical movement on the graph. Region 2 is closer to
the line of � _y � 2n�x. Here, the lines of constant Q and R are no
longer parallel and perpendicular to the horizontal lines of constant
semimajor axis. This means that reducing either Q or R could
improve ��a. This shift from region 1, where sensing improvement
has virtually no effect on ��a, to region 2, where it does, is also
shown in Fig. 10 by plotting contours of constant semimajor axis on
axes of Q and R. As expected, region 1 has horizontal lines of
constant ��a, which directly shows that decreasing the measurement

noise has little effect on semimajor axis knowledge. The portion of
the graph where the contours of constant ��a are sloped corresponds
to region 2. In this region, improvements in the measurements or the
dynamics models (i.e., reduced process noise) would contribute to
improved semimajor axis knowledge.

C. Discrete Simulations for Varying �t

One additional way to put more emphasis on the dynamics model
is to reduce the measurement rate. Prior analysis of the CDGPS filter
byBusse [12] used a 1Hz rate, althoughmuch longer time stepswere
considered in [11]. One difficulty with increasing the propagation
time is that the nonlinearity in the orbit propagation becomes much
more significant and more sophisticated models and propagation
algorithms must be used, especially for the error covariance [14,15].
The following investigation of the effect of varying measurement
update rate by changing the discretization time step uses the linear
model and thus ignores these effects.
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To do this, a family of discrete Riccati equations was solved using
HCW dynamics at various discretization times. In each case, the
constant spectral density matrixQc associated with the process noise
of the continuous dynamicswas converted to the appropriate discrete
process noiseQd using the conversion algorithm in [16] (DISRW in
Chapter 9). The simulation results in Fig. 11 were done for several
values of �qc � f10�5; 10�6; 5 � 10�7g m=s3=2 (Qc � �2

qcI2) and a
constant sensing noise covariance R� �5 � 10�3 m�2. The plot
shows that, as the discretization time step is increased, the correlation
coefficient tends to �1. This trend is expected, because longer
propagation times will force increased filter dependence on the
equations of motion, translating into increased overall correlation.
However, the proper position to velocity error balance is not
achieved, causing the SMA accuracy to degrade. The plot clearly
shows the role of the process noiseQc in determining the SMA error
growth. One caveat about these results is that the correlation
approaches �1 for filter time steps larger than 1000 s, for which the
nonlinearity in the system dynamics, that this analysis ignores, may
begin to play an important role [11].

Comparing this result with Fig. 2, it can be seen that although the
balance index is not zero, it is producing the effect of lowering the

overall semimajor axis in combination with the correlation.
However, the canceling effects of correlation and balance are not
sufficient to prevent the semimajor axis error fromgrowing rapidly as
the time step is increased. Thus, decreasing the measurement update
rate to produce higher correlation is not a viable strategy for reducing
semimajor axis error.

These examples considered the navigation filter accuracy for a
linear planar model, and the next section explores similar questions
using a full nonlinear GPS model (NGM).

V. Nonlinear GPS Model

The LPM simulations provide a base for discussion of the
relationship between noise and filter performance in the full
nonlinear GPSmodel. The NGMadds the clock and bias terms to the
filter state definition and introduces uncertainties associated with the
clock, ionosphere, absolute state error, etc. A similar exploration of
the relationship between Q, R, and ��a is undertaken.

Two sets of NGM simulations, discussed next, will illustrate the
relationship between process and measurement noises and estimator
performance. The NGM analysis begins with a very simple model
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that focuses on the relative orbital dynamics and GPS measurements
and takes steps to reduce nonlinearities associated with their
equations. The second set of simulations incorporates elements that
more closely resemble a real-world scenario.

The NGM simulation environment is an extension of tools
developed by Busse [11]. The user can specify which nonlinear
effects and perturbations are included in the truth model and how
they are accounted for in the filter, which is useful when comparing
the NGM and the LPM results. The NGM simulation propagates all
relevant vehicle truth states and provides simulated measurements to
the estimator. Because a large number of simulations were required
to observe relationships between filter parameters and the navigation
accuracy, it was not practical to employ hardware-in-the-loop
simulations that could provide the filter with actual measurements.
The absolute truth states for the vehicles were used to create the
simulated GPS measurements. The relative truth states were created
by differencing the absolute states.

As in the LPM experiments, for each set of simulations, the NGM
was run for an array of values ofQ and R. Each full GPS simulation
was run for 3000 s, to allow sufficient time for thefilter to converge to
steady state. The position and velocity errors were determined from
the standard deviation of the estimation error, not from a Riccati
equation as in the LPM cases. Note that in the nonlinear case, Eq. (7)
was found to give inaccurate estimates of the semimajor axis error,
and so orbital elements calculations were required. The absolute
semimajor axes were differenced at each time step and used to find
the estimation error for the differential semimajor axis. The square
root of the variance of the steady-state estimation errors was
recorded.

The goal of the first simulation set is to uncover the basic
relationships between process and measurement noises and the
semimajor axis error. These first simulations use the full NGM state,
with clock and carrier bias terms included, and incorporates
simulated GPS measurements. However, to maintain LPM-like
simplicity, many real-world effects, such as ephemeris error, clock
error, communication outages, and measurement cycle slips, are not
included. Truncation error is reduced by placing the vehicles 1 m
apart, and running the filter at a 0.1 s time step. The small separation
distance also ensures the line-of-sight vectors to theGPS satellites for

the two vehicles to be nearly identical (another assumption in the
filter design).

The results of the first simulation set are shown in Fig. 12. The
contours of constant Q, R, and ��a are very similar to those seen
using the LPM. As in the LPM, region 1 contains lines of constantQ
and R that are essentially horizontal and vertical. Improving the
measurement noise in this region would have no effect on semimajor
axis knowledge. Reductions in process noise are required to reduce
��a. In region 2, improvements in the measurements or the process
noise would contribute to improved semimajor axis knowledge.
These observations confirm that the results of a simplified version of
the NGM approach those of the LPM.

The second set of NGM simulations incorporates all available
error sources in the models for the environment and sensors,
including errors introduced by clock, ephemeris, and absolute state
uncertainty. This setup is more representative of a real-world
CDGPS filter in the LEO environment. The results of this set of
simulations are shown in Fig. 13, with lines of constantQ,R, and ��a

on the axes of �x and � _y. The line of � _y � 2n�x is included as a
reference, but will not necessarily represent the same transition point
that it did in the LPM. The region that coincides with typical CDGPS
accuracy is indicated on the plot.

Contours of constant process noise tend to the horizontal direction
and contours of constant measurement noise tend towards vertical.
The parallelograms formed by the contours of constant Q and R are
indicative of general agreement between the LPM and NGM results
(see point A in Figs. 8 and 13). However, going from the LPM to the
NGM, the horizontal lines of constant semimajor axis become
positively sloped. This indicates that in the NGM, position accuracy
will have some effect on ��a, where in the LPM, it had no effect. The
slope of theNGMcontours is still small, suggesting the velocity error
still dominates semimajor axis knowledge.

This leads to a key observation about the performance of our
CDGPS-based relative navigation filter. Reducing either process or
measurement noise can have a positive effect on semimajor axis
knowledge. Previous work assumed that a coarse dynamics model
would be sufficient, because themeasurement updates are performed
very frequently and, based on that premise, a very accurate filter
was developed [11]. However, this NGM analysis suggests future
work that incorporates a higher-fidelity dynamics model, thereby
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reducing the process noise, could improve the semimajor axis
knowledge.

A departure from LPM behavior is seen in the lines of constant
measurement noise. In the LPM case, reducing measurement noise
always resulted in reductions of �x. In region 1 of the LPM (Fig. 9)
the lines of constant R are vertical and orthogonal to the lines of
constant semimajor axis. In other words, by increasing the sensor
accuracy, it was always possible to keep improving �x. At some
point, though, increasing sensor accuracy stopped improving
semimajor axis knowledge. However, in the NGM cases, the
contours of constant R bunch together as the sensor noise becomes
very small, which implies that further reductions will not impact
either ��a or �x. The fact that �x does not continue to improve as the
measurement noise is decreased suggests that aspects of the NGM
that reflect realistic phenomenon, such as clock error, become
dominant. This leads to the second observation that noise sources
other than the CDGPS measurements and the relative orbital
dynamics model, such as from the clock and absolute state error, can
limit the relative navigation filter performance. When these real-
world errors are introduced in the NGM, there is a limit to howmuch
the position, velocity, and semimajor axis performance can be
improved. In contrast to the LPM, increasing sensor accuracy will
not always result in similar increased position accuracy in the NGM.

Although some differences appear to be due to the nonlinearities in
the NGM, the general trends, especially in the regions of the plots
where typical CDGPS filter results are found, are retained. The
similarities between the linear and nonlinear results suggest the
observations from LPM-based filter behavior extend to filters based
on the nonlinear dynamics and measurements. In particular, the
insights gained from the LPM examples about the relationships
between correlation, balance, and navigation errors, and between the
process/measurement noises and the semimajor axis errors, are
relevant to the more complex CDGPS filters.

VI. Conclusions

This paper was motivated by the desire to determine what metrics
should be used to characterize the performance of a carrier-phase
differential Global Positioning System relative navigation filter as
“good,” and explore what parameters in the Kalman filter have the
most impact on the performance of the navigation system. Previous

works had suggested that a good navigation filter would yield
estimates of the along-track velocity and radial position that satisfy
both the correlation and balance requirements. This paper presented
detailed analysis and numerical simulations to show that the optimal
approximate relative semimajor axis estimate from a Kalman filter
does not satisfy these properties, for any combination of
measurement and process noise, which is consistent with recent
practical experience with CDGPS filters, even when the state
estimates are very accurate. These results also highlighted the
importance of developing good models of the process noise to
improve the semimajor axis estimation performance.
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